ABSTRACT In this paper, metallic plasmonic nano-antennas are modeled and analyzed for wireless optical communication. More specifically, a unified mathematical framework is developed to investigate the performance in transmission and reception of metallic nano-dipole antennas. This framework takes into account the metal properties, i.e., its dynamic complex conductivity and permittivity; the propagation properties of surface plasmon polariton waves on the nano-antenna, i.e., their confinement factor and propagation length; and the antenna geometry, i.e., length and radius. The generated plasmonic current in reception and the total radiated power and efficiency in transmission are analytically derived by utilizing the framework. In addition to numerical results, the analytical models are validated by means of simulations with COMSOL Multi-physics. The developed framework will guide the design and development of novel nano-antennas suited for wireless optical communication.
I. INTRODUCTION
Nanotechnology is providing the engineering community with a new set of tools to design and manufacture novel nanoscale devices, which are able to perform simple tasks, such as computing, data storing, sensing and actuation. The integration of several of these nano-devices into a single entity will enable the development of advanced nanoscale machines. By means of communication, nanomachines will be able to organize themselves in networks, or nanonetworks, and complete more complex tasks in a distributed fashion, such as wireless nanosensor networks for chemical and biological attack prevention [2] , advanced health monitoring systems [3] , agricultural and plant monitoring [4] , optimization and control of chemical reactors [5] , or wireless networks on chip [6] .
From the electromagnetic (EM) perspective, the miniaturization of a conventional metallic antenna to meet the size requirements of a nanomachine would theoretically result in very high resonance frequencies. For example, according to classical antenna theory, a one-micrometer-long metallic antenna would radiate at approximately 150 THz. This is only true if the material of the antenna building components is assumed to be a perfect electrical conductor (PEC), i.e., a material with infinite conductivity. However, at the aforementioned frequencies, metals no longer behave as PEC [7] . On the contrary, the conductivity of metals such as gold or silver [8] ; metamaterials, i.e., engineered materials with rationally designed arrangements of nano-structured building blocks [9] ; as well as nanomaterials such as graphene [10] , is a frequency-dependent complex-valued magnitude.
The material conductivity affects the way in which a current wave propagates in the nano-antenna. In particular, the global oscillations of electrical charge in close proximity to the surface of the antenna building components, i.e., within the so called penetration depth, results into the excitation of a confined EM wave at the surface of the antenna. This peculiar EM wave is commonly referred to as a surface plasmon polariton (SPP) wave. The frequency at which SPP waves are excited depends on the material conductivity of the antenna building components. For example, graphene supports SPP waves at frequencies as low as in the THz band (0.1-10 THz) [11] , whereas in noble metals such as gold or silver, SPP waves are only observed at tens of THz and above [7] .
Starting from this result, the field of plasmonic nanoantennas in the THz band and above has been gaining momentum. In [12] , we proposed for the first time the use of graphene to develop THz plasmonic nano-antennas and, since then, many related works and extensions have followed [13] - [16] . For the time being, however, one of the main challenges at THz frequencies is posed by the lack of efficient THz sources, needed to drive the nano-antennas [17] .
When it comes to infrared and visible optical frequencies, the possibility for the first time to create precise accurate nano-structures, comparable to the optical wavelengths in their largest dimensions and with very high aspect ratios, has motivated the development of optical nanoantennas [18] , [19] . In this case, optical sources such as nanolasers, [20] , [21] , are more readily available. As explained in Sec. II, many works on the design of optical nano-antennas can be found in the literature. However, to the best of our knowledge, a unified mathematical framework able to relatee material properties, SPP wave behavior and the nano-antenna geometry with communication-relevant parameters, such as gain in transmission and reception is missing.
In this paper, we model and analyze the performance of metallic plasmonic nano-antennas for wireless optical communication. More specifically, we first develop a unified mathematical framework to investigate the performance in transmission and reception of nano-dipole antennas based on different metals. This framework takes into account the metal properties, i.e., its dynamic complex conductivity and permittivity; the propagation properties of SPP waves on the nanoantenna, i.e., their confinement factor and propagation length; and the antenna geometry, i.e., length and radius. By utilizing the framework, the generated plasmonic current in reception and the total radiated power and efficiency in transmission are analytically derived. To validate the model, we conduct extensive simulations with COMSOL Multi-physics. Finally, by utilizing the model, we numerically investigate and compare the performance of the developed nano-antennas at optical frequencies and provide directions for the design of wireless optical communication systems in nanonetworks.
The remaining of this paper is organized as follows. In Sec. II, we summarize the related works on optical nanoantenna. In Sec. III, we review the fundamental working principle of a plasmonic nano-antenna, describe the conductivity model utilized in our analysis and analyze the SPP wave propagation properties. Then, in Sec. IV, we formulate the EM fields on and inside the antenna, and obtain a semiclosed form expression for the plasmonic current in the nanoantenna. We then define the antenna performance metrics in far field in section V. Numerical and simulation results are presented in Sec. VI and the paper is concluded in Sec. VII.
II. RELATED WORKS
Within the last decade, there have been several fundamental works on the development of optical nano-antennas. Cao and Jahns [22] analyzed the propagation properties of SPP waves cylindrical or rod-type nano-antennas, by formulating and solving the SPP wave dispersion equation at the radial boundary condition along the nano-antenna.
They mainly illustrated that different radius exhibit different wavelength-dependent effective mode index for a cylindrical nanowire waveguide. Importantly, their findings indicate the increasing importance of skin effect for SPPs in the terahertz range and above, as well as the enhancement of such effects on curved surfaces. Moreover, in [23] , the derivation of angle-dependent reflection amplitude and phase of a SPP wave at a boundary between antenna and surrounding area is presented and, in [24] , the impact of the nano-antenna caps is incorporated. All these works illustrate the fact that the nano-antenna geometry heavily impacts the propagation characteristics of the SPP waves. In [25] , the nano-antenna fields are characterized, starting from the estimated propagation constant of SPP waves on nanowires obtained by means of experimental measurements. Some related aspects, such as the choice of metal and the slowly decaying modal field, are also discussed in [7] and [26] . Optical properties of metals in terms of intra and interband processes as well as plasma effects are described in these materials, such that specifically [7] provides an overview of alternative plasmonic materials along with motivation for each material choice and important aspects of fabrication.
Another issue usually discussed in the related works is the need to account or not for quantum mechanical effects. If the feature size of the nano-antenna D, i.e., the smallest of the critical dimensions, is less than one nanometer, the quantum effects need to be taken into account. In this situation, solving Maxwell equations using non-local bulk dielectric functions may extend the validity of the classical treatment. For plasmonic systems with narrow junctions, quantum-mechanical electron tunneling is the major nonlocal effect that determines the optical response of the system. In the non-contact regime, for distances D > 0.5 nm, no significant electron transfer can occur in-between the gap; thus, this situation can be correctly described within the classical electrodynamical treatment since tunneling happens in distances of 0.1 < D < 0.5 nm [27] . In the latter case, appropriate approaches from quantum mechanics, which usually involve the combination of Schrödinger equation with Maxwell equations, should be solved by consistently using numerical methods. In this paper, the feature size is the nano-antenna gap, which is still several nanometers long. As a result, we consider that the quantum current density, which can be used as an current additional source for the Maxwell equations, can be ignored.
III. PLASMONIC NANO-ANTENNA MODEL A. WORKING PRINCIPLE
The plasmonic nano-antenna design considered in the analysis, is shown in Fig. 1 . The nano-antenna consists of two identical metallic arms with a feeding/receiving gap in between which its size is optimized. The working principle of the nano-antenna is as follows. We explain first its functioning in reception:
• Consider an incident plane wave with polarization parallel to the plane defined by the nano-antenna long axis and the direction of the wave propagation. Following the M. Nafari, J. M. Jornet: Modeling and Performance Analysis of Metallic Plasmonic Nano-Antennas FIGURE 1. Plasmonic nano-dipole antenna considered in the analysis.
notation in Fig. 1 , we are interested in the incident electric field component parallel to the z-axis, E Inc z , which is given by:
where E Inc 0 stands for the field strength, k 0 refers to the wave vector, and θ is the angle of incidence. When E Inc z irradiates the nano-antenna, it excites the free electrons within the antenna penetration depth. The electronic response of the nano-antenna to an EM field is determined by the conductivity of its building material. In Sec. III-B, we describe the conductivity model for metals that we utilize in our analysis.
• At the interface between the nano-antenna metallic arms and the surrounding medium, longitudinal SPP waves that propagate along the z-axis are excited. The SPP wave vector, k spp is determined by the antenna geometry, namely, the antenna arm radius and length, as well as on the real and imaginary part of the material conductivity. In Sec. III-C, we deduce the dispersion equation for SPP waves on the antenna and analyze their propagation properties as functions of the material conductivity and antenna geometry.
• To enhance the detection of the incident EM wave, we are interested in designing a plasmonic resonant cavity.
In particular, we are interested in having a resonant cavity for the fundamental resonant frequency, which depends on the SPP wave propagation speed. In Sec. IV, we analyze the nano-antenna in reception, by starting from the formulation of the electric field incident to the antenna, the electric field scattered by the antenna and the SPP wave propagating inside the antenna.
The same behavior holds in transmission due to the antenna reciprocity principle [28] . In particular, a SPP wave on the nano-antenna can be electrically excited by the feeding gap. The time-changing SPP wave, on its turn, induces a timechanging magnetic field, which on its turn generates an electric field, and this results in the propagation of an EM wave. As before, the performance of the nano-antenna in transmission depends on the conductivity of the material as well as on the geometry of the nano-antenna, which determine the SPP properties. In Sec. V, we analyze the nano-antenna performance in transmission in terms of radiated fields and resulting directivity. 
B. OPTICAL CONDUCTIVITY MODEL FOR METALS
The conductivity of metals at optical frequencies is a complex-valued quantity. The real part of the conductivity is responsible for ohmic losses whereas the imaginary part accounts for the phase offset between the local electric field and current density [29] . There are many analytical models for the conductivity of metals. In this paper, we utilize the well-established Drude model, which takes into account the intra-band electron transitions within the metal energy bandstructure [30] . Accordingly, the metal complex conductivity σ and its complex permittivity ε m can be written as functions of the angular frequency, ω = 2πf , as follows:
where ε 0 is the vacuum permittivity, ε ∞ is 1 for metals [31] , τ D is the electron relaxation time and ω p stands for the plasma wave frequency, which is given by
where n e is the number of electrons per unit of volume, e stands for the electron charge, and m * is the electron effective mass of the electron. In Table 1 , the values for these parameters are summarized for different metals, including copper (Cu) and aluminum (Al) [26] , gold (Au) [30] and silver (Ag) [32] . The choice of the best plasmonic material for a given application is a subject of discussion and research. In Fig. 2 , the real and imaginary parts of the relative permittivity for all four noble metals are shown as functions of frequency. The values of this figure is validated with actual data of [33] . The absolute value of the real and imaginary parts of the permittivity at higher frequencies tends to decrease, which considerably affects propagation of SPP waves, as we show in the next section.
C. SURFACE PLASMON POLARITON WAVE DISPERSION EQUATION
Next, we analytically study the propagation properties of SPP waves in the nano-antenna, by taking into account both its geometry and the complex conductivity of its building material. More specifically, we are interested in characterizing the complex SPP wave vector, k spp . The real part of the wave vector, Re{k spp }, determines the SPP wavelength,
as well as the confinement factor k spp /k 0 , where k 0 = ω/c refers to free-space wave vector and c is the speed of light. The imaginary part, Im{k spp }, determines the SPP decay or, inversely, the SPP propagation length,
which is defined as the distance at which the SPP field strength has decreased by a value of 1/e. As mentioned before, when the antenna is illuminated by an incident plane wave, axially symmetrical SPP modes are excited. In particular, for the design of an efficient antenna, we are interested in the propagation properties of Transverse Magnetic (TM) SPP wave modes [28] . To obtain k spp , we need to solve the dispersion equation for SPP waves on the nano-antenna arms. We assume that the electric field E and magnetic field H on the antenna have the following form [22] :
H φ (r, z) = H φ (r) e jk spp z .
Starting from the Maxwell's equations in their differential form and taking into account that for an axially symmetrical mode ∂E ∂φ = 0 and ∂H ∂φ = 0, the following equations can be written:
where ε = ε m is the relative permittivity of the region z < h or r < a and ε = ε d is the relative permittivity of the region defined by z > h and r > a. By taking the z derivative of (8), the radial component of the electric field can be written as:
By substituting (12) into (11) and taking again the z derivative of (8), the magnetic field can be written as:
Finally, by substituting (13) into (10), the following equation for E z is obtained:
where [22] . The solution of (14) for E z (r, z) has the form of I 0 (p m a) in the metal and K 0 (p d a) in the surrounding dielectric, where I n (.) and K n (.) are the generalized Bessel functions of first and second kind of order n. Substituting them into (13) , and using the relations
, the solution of H φ (r, z) can be determined. In particular, by taking into account the need for continuity in E z (r, z) and H φ (r, z) at the surface of the antenna, i.e., at the interface between the surrounding dielectric and the metal, r = a, the following dispersion equation is obtained:
which can only numerically be solved. Ultimately, k spp depends on the angular frequency ω, the cylinder radius a and the relative permittivities ε m,d of the metal and the surrounding dielectric. In Fig. 3 , the confinement factor for different metal is shown as a function of frequency; which illustrates how different permittivities affects the propagation properties in metals. In Fig. 4(a) , the confinement factor (4) for gold-based nano-antennas is shown as a function of frequency and for different nanowire radius. As can be seen, the confinement factor increases as the frequency increases. Also, by increasing the radius, the confinement factor will decrease. Similarly, in Fig. 4(b) , the SPP wave propagation length (5) is shown as a function of the frequency; the smaller the radius, the shorter the SPP propagation length becomes. 
D. EFFECTIVE RESONANCE LENGTH
Besides the boundary condition imposed in the radial direction, there is another boundary effect that alters the propagation of SPP waves on the nano-antenna: the caps at the two ends. SPP waves travel along the wire length l with a propagation constant k spp and suffer a reflection at the two caps. To incorporate such effect in the analysis, the reflection coefficient R at the cap needs to be computed. Following the methodology introduced in [24] , by taking into account the boundary condition at the cap, we can write:
with 
where J 1 (.) is the first order Bessel function of the first kind. To solve the reflection coefficient R, first we should find t.
Hence by using the orthogonality property of Bessel functions of the first kind, (19) is equated to (16), both sides multiplied by J 1 (ηr)r and then integrated from 0 to ∞ over r to have:
where
and
For the magnetic field H φ , (20) is equated to (17) . By multiplying both sides by F(r)r ε , then integrating from 0 to ∞ over r, the final result would be:
where G is given by:
. (25) Finally, the resonances of the nanowire can be calculated by considering the propagation of the SPP wave along the nanowire and reflection at two caps as [24] :
where n is the resonance order, ϕ is the phase of the reflection coefficient R calculated from (24) , and k spp is the wave vector calculated by (15) . As before, this can only be numerically solved. In Fig. 5 , the resonance length for gold-based nanoantennas is shown as a function of frequency. The length of a resonance optical nano-antenna is shorter than what an ideal PEC antenna would require to resonate at the same frequency, due to the large confinement factor of SPP waves in noble metal nanowires. 
IV. PLASMONIC NANO-ANTENNA PERFORMANCE IN RECEPTION
In reception, we are interested in characterizing the plasmonic current generated at the nano-antenna as a result of the incident EM wave. In order to determine the plasmonic current, we follow the conventional vector potential approach [28] , but contrary to classical antenna theory for PEC antennas, we take into account that there is an electric field inside the antenna, within the penetration depth, which is the SPP wave that propagates with k spp . At the nanowire surface, the following boundary condition between the plasmonic field inside the nano-antenna, the incident field on the nano-antenna and the scattered field by the nano-antenna needs to be satisfied:
To simplify the analysis, we make the assumption that the nanowire is effectively very thin and, thus, the current density J z , the vector potential A z and the electric field inside the antenna E Inside z depend only on z but not on r, i.e.,
The field inside the nano-antenna E Inc z in (27) is related to the current density through the material conductivity, σ given by (2), i.e.,
The incident field E Inc z in (27) on the nano-antenna surface is given by (1) .
From [34] , the scattered field by the nano-antenna, E Scat z in (27) , can be written as
andZ is the characteristic impedance of the wire, given bȳ
where ε m is the metal permittivity given in (2) and k spp is the SPP wave vector obtained from (15) . By combining (31), (32), (33), (34) , and (1) in (27) , the following inhomogeneous differential equation is obtained:
Then, as analytically shown in [25] and [34] , the total current in the nano-antenna J z can be written as the combination of the following terms
where J || e ik || z is induced by the illuminating field along the wire and J ±p refers to two counter-propagating plasmonic current densities propagating with k spp . By combining (36) and (35) , an expression for J || can be found:
By considering the role of the wire end caps as a hard boundary and the vanishing total current density, an expression for J ±p is obtained as:
where h = l 2 and l stands for the length of wire given by (26) . Finally, by combining (38) and (37), the plasmonic current density can be obtained as a function of the incident field E inc z . As before, this can only be numerically done.
V. ANTENNA PROPERTIES IN TRANSMISSION
By leveraging the analysis in reception, we now extend the study to the nano-antenna in transmission and, in particular, we focus on the first resonance frequency, i.e., n=1 in (26) . We follow the standard vector potential approach to compute the radiated fields, with the peculiarity of having a plasmonic excitation current. For this, we consider the nano-antenna to be excited by a sinusoidal plasmonic current distribution J z given by
where x = {x, y, z} and k spp is the excitation SPP wave propagation constant. The vector potential A is then defined as
where the integral is done over the volume of the nanoantenna. If we focus in the far field, |x| |x |, |x − x | ≈ r − n.x and r = |x| (n is the unit vector in the x direction), we can approximate the vector potential as 
where k || = k 0 cos θ , as defined in Sec. III. By solving the vector potential integral (42) on the wire from − π 2k spp to π 2k spp for the first resonance, the magnetic field H and the electric field E are obtained as:
e jk 0 r r k 0 sin θ
Next, the radiation intensity can be calculated as
and now the total radiated power is found by integrating U rad over the entire space:
which can be numerically solved.
Another metric of interest is the radiation efficiency e r , which is defined as the fraction of the power delivered to the radiation resistance R r , [28] , [35] :
where the high-frequency resistance R L is used to represent the conduction-dielectric losses associated with the antenna structure based on a uniform current distribution and is computed using (2) as:
where l is length of antenna and p a = 2πa is the perimeter of the cross section of the antenna for a circular wire of radius a. The radiation resistance R r in (47) represents the transfer of energy to the free-space wave from the antenna, and is obtained as:
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or confinement factor tends to decrease, we approach the traditional radiation resistance of λ/2 dipole, i.e., 73 (Fig. 6 ).
Both the radiated power (46) and the radiation efficiency (47) depend on k spp . For the special case of a classical antenna (k spp = k 0 ) (45) is reduced to:
which is the known result for ideal PEC antennas and, similarly, (34) is simplified as well. In the next section, we numerically investigate the radiation efficiency of optical nano-antennas.
VI. NUMERICAL RESULTS
In this section, we validate the developed models by means of electromagnetic simulations with COMSOL Multi-physics (Finite Different Frequency Domain FDFD simulations) and we utilize the models to numerically investigate the performance of nano-antennas in reception and in transmission. As a reference,
A. ANTENNA PERFORMANCE IN RECEPTION
We numerically solve the plasmonic current density J ±p given by (38), which depends on its turn on the SPP wave propagation constant k spp , resonant length l and material conductivity σ parameters given by (15) , (26) and (2), respectively. In addition, we utilize COMSOL Multi-physics to validate our results by means of FDFD simulations, in which the only required initial parameter is the material conductivity σ . In Figure 7 , the plasmonic current density is shown as a function of the illumination frequency f for three different nano-antenna lengths l, namely, 500 nm, 302 nm and 150 nm. For these results, gold-based nano-antennas with 5 nm radius are considered. Clear resonances can be observed at 91 THz, 140 THz and 270 THz, respectively. The z-component of the current density and its maximum is taken from analytically produced data and FDFD simulations for different length and frequencies are performed for validation purposes. There is good agreement between the numerical and the simulation results. As expected, the high confinement factor of SPP waves in actual metals results into significantly smaller nanoantennas when compared to ideal PEC antennas at the same frequency.
B. ANTENNA PERFORMANCE IN TRANSMISSION
In Fig. 8 , the radiated fields, given by (44), are shown for different metals as functions of frequency. As expected from the reciprocity principle, the resonances occur at the same frequencies as for the nano-antenna in reception. The analytical and simulation models are with good agreement. In Fig. 9 , we illustrate the radiation efficiency e r given by (47) as function of frequency and for different materials. As can be seen, e r decreases by increasing the frequency for all four metals. This is because for fixed geometry of nano-antenna, by increasing the frequency, the confinement factor increases, and this limits the radiation efficiency. Among different metals, aluminum has higher efficiency at each frequency, since it has higher absolute permittivity and higher conductivity, resulting into lower confinement factor and lower R L .
M. Nafari, J. M. Jornet: Modeling and Performance Analysis of Metallic Plasmonic Nano-Antennas One last magnitude that is relevant to the nano-antenna performance in transmission and for communication is the 3-dB bandwidth. This can be easily obtained from the S11 parameter or return loss. Fig. 10 shows the antenna behavior for 137 nm nano-antenna and implies that the nano-antenna radiates best at different frequency (as its shown in Fig. 5 with resonance length) with different bandwidth. The figure suggests that bandwidth is roughly highest for aluminum and around 22 THz with better S11. The analysis made by COMSOL simulations and allowed us to verify the properties of the antennas with the previous analytical results.
VII. CONCLUSIONS
In this paper, we have developed a unified mathematical framework to analyze the performance of plasmonic nanoantennas in reception and transmission. Starting from the dynamic complex conductivity of the nano-antenna building components, we have formulated the dispersion equation for SPP waves in nano-wires and obtained the SPP wave propagation properties and nano-antenna fundamental resonance length by taking into account also the impact of the nanowire caps. We have then analytically derived an expression for the plasmonic current in the nano-antenna when irradiated by an incident EM wave. In addition, we have derived the radiated fields in transmission as well as the overall radiation efficiency. The analytical models have been then validated by means of FDFD simulations with COMSOL Multi-physics. The agreement between analytical and FDFD data allows us to verify aspects of the model such as far-field as well as near-field properties of the antennas, resonances, reception and emission patterns. We have analytically and numerically shown that the SPP wave confinement factor plays a key role in the nano-antenna efficiency and bandwidth.
